We use the Sáez-Ballester theory on anisotropic Bianchi I cosmological model, with barotropic fluid and cosmological constant. We obtain the classical solution by using the Hamilton-Jacobi approach. Also the quantum regime is constructed and exact solutions to the Wheeler-DeWitt equation are found.
quantization program, where the ADM formalism is well known for different classes of matter [9] In this work, we use this formulation to obtain classical and quantum exact solutions to anisotropic Bianchi type I cosmological model, including a cosmological constant Λ. The first step is to write Sáez-Ballester formalism in the usual manner, that is, we calculate the corresponding energy-momentum tensor to the scalar field and give the equivalent lagrangian density. Next, we proceed to obtain the corresponding canonical lagrangian L can to Bianchi type I through the lagrange transformation, we calculate the classical hamiltonian H, from which we find the WheelerDeWitt (WDW) equation of the corresponding cosmological model under study. We employ in this work the Misner parametrization due that in natural way appear the anisotropy parameters to the scale factors, and we can to analyze its behaviour in easy way.
The more simple generalization to lagrangian density for the Sáez-Ballester theory [1] with cosmological term, is
where φ ,γ = g γα φ ,α , R the scalar curvature, F (φ) a dimensionless functional scalar field. In classical field theory with scalar field, this formalism corresponds to null potencial in the field φ, but the kinetic term is exotic by the factor
From the lagrangian (2) we can build the complete action
where L mat is the matter lagrangian, g is the determinant of metric tensor. The field equations for this theory are
where G is the gravitational constant and as usual the semicolon means a covariant derivative.
These set of equations (4) can be obtained using the equivalent lagrangian as a matter and energy-momentum tensor for this field φ,
in this way, we write the action (3) in the usual form
and consequently, the classical equivalence between the two theories. We can infer that this correspondence also is satisfied in the quantum regimen, because only is modified the hamiltonian constraint [9] .
This work is arrangede as follow. In section II we construct the hamiltonian density for the cosmological model.
In section III the classical solutions using the Hamilton-Jacobi formalism are found. Here, we have used a barotropic perfect fluid as a matter content and a cosmological constant, obtaining the solutions for differents epoch of the evolution for this cosmological model. In Section IV the cuantization scheme, obtaining the corresponding WheelerDeWitt equation and its solutions for different values for the γ parameter. Finally, the section V is devoted to discussion.
II. THE HAMILTONIAN DENSITY
The line element for the cosmological Bianchi type I has the form
where N is the lapse function, β ± are the corresponding anisotropic parameter in the scale factors, Ω play the role as the scale factor like to flat Friedmann-Robertson-Walker cosmological model (e Ω ≡ A). The total volume for all diagonal Bianchi cosmological models is given by the expression V = e 3Ω(t) ,that will appear in the solutions for all parameter in this theory.
Then, the corresponding lagrangian density in this theory is
wich can be rewritten in the canonical form,
with H as the hamiltonian density, and the momentas are defined in the usual way
are the field coordinates for this system,
The matter is introduced as a barotropic perfect fluid P = γρ with γ a constant between −1 < γ < 1, who energymomentum tensor is given by the following expression T µν = (ρ + P)U µ U ν − g µν P where U µ is the four-velocity, ρ is the energy density and P is the thermodynamic pressure in the fluid, respectively. Using the covariant estructure in this tensor, we obtain the differential equation 3Ωρ + 3ΩP +ρ = 0 and the solution
with µ γ a constant for the corresponding scenario.
So, we obtain the following expresion for the canonical lagrangian
and
and using the lagrange equation for the field N, we get the Hamiltonian constraint
III. CLASSICAL REGIMEN: HAMILTON-JACOBI APPROACH
Employing the Hamilton-Jacobi formulation, where the momentas are Π q = ∂Sq ∂q , where S q is the superpotential function, the hamiltonian takes the following form
solving for the variable Ω we have
using (9), we obtain the following integral equation depending on time parameter Ndt = dτ , we have
∆τ = 12
where ξ is a separation constant. This equation do not have a general solution, but we can solve for the particular values of the γ parameter, which we present in the Table I .
Case Ω(τ ) Table I . Solutions for Ω in the scenarios γ = −1, 0, 1
The corresponding solutions for the anisotropic functions and the field φ appear in the Table II . For the field φ we consider 6 F(φ)
with θ 2 = −ξ 2 + κ 2 + + κ 2 − , with the cuadrature solutions
Now considering the original Sáez-Ballester theory, F(φ) = ωφ m , the corresponding solution for all m are
, m=-2 Table II . Solutions for the anisotropic variables β ± and field φ in the scenarios γ = −1, 0, 1
These set of solutions satisfy the Einstein field equation (4), which were checked using REDUCE package. It is interesting to note the behaviour to the cosmological constant in this theory. In the inflationary scenario, we have a positive value in such a way that the universe has a bigger growth (but next change to negative one, where the universe have a small growth).
IV. QUANTUM REGIMEN: WHEELER-DEWITT EQUATION
For quantum regime, we calculate the Wheeler-DeWitt equation
where the momenta operatorsΠ q = −iℏ ∂ ∂q , Ψ is the wave function of the universe, also we choose ℏ = 1, thuŝ
where we have used −
for solving the factor ordering problem. Applying the separation method, using for the wave function
we obtain
yielding the following set of differential equations
where a 
The solution for the equation (22) is more complicated, because depend to the constant m, which is a parameter to the Sáez-Ballester theory. This equation is rewritten as 6 and n = m. 
the case a=0, is descarted, because this imply that ω = 0, yielding to the Einstein theory.
3. When the m parameter satisfy the relation 2 m+2 = 2n + 1, where n is an integer, the general solution take the form
where D 6 , D 7 are integration constants and q = 
where Z ν is a generic Bessel function, ν = 1 2q is the order to the corresponding Bessel function, q = 1 2 (m + 2). If a < 0 imply that ω < 0, Z ν become the modified Bessel function, (
On the other hand, the equation (19) does have not general solution, then this is solved for particular cases in the γ parameter, and for this, is rewritten in the following form
1. Any factor ordering Q and the inflation phenomenom γ = −1
making the transformations z = 
where Z ν is a generic Bessel function. If b −1 > 0, we have the ordinary Bessel function, in other case, will be the modified Bessel function.
2. factor ordering Q=0 and γ = 0
One equivalent density lagrangian was build in order to apply the quantum regime in the Sáez-Ballester theory, in where the constant ω can be used to have a lorenzian (-1,1,1,1) or seudo-lorenzian (-1,-1,1,1) signature when we build the Wheeler-DeWitt equation. The values for this parameter in the classical one is dictated when we apply the condition that we must have real functions, which is encoded in the parameter a, equations (24,25). In this sense, the classical and quantum exact solutions were found for the cosmological Bianchi type I model in the frame of Sáez-Ballester theory for the scenarius in the γ parameter {−1, 0, 1}. The presense of the exotic field φ does not delay the anisotropic behaviour in this model. Moreless, the classical behaviour of this field for large value in the parameter ω, it is similar to the anisotropic parameters β ± .
